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Abstract
We investigate the mechanical instability toward density collapse and the transition temperature
of Bose-Einstein condensation in the weakly coupled boson-fermion many-body mixture of single-
component boson and fermion gases, in the case of the repulsive boson-boson and attractive boson-
fermion interactions; no fermion-fermion interaction is assumed due to the Pauli exclusion because
of the diluteness of the mixture. The mechanical instability occurs in the part of bosonic gas in the
case where the induced boson-boson attraction mediated by the fermion polarization overcomes
the boson-boson repulsive interaction at low temperatures. We calculate the onset temperature
of the mechanical instability and the BEC transition temperature for the interaction strength and
the boson-fermion number ratio. We also discuss the relation between the mechanical instability
and the BEC transition using a diagrammatic method.
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I. INTRODUCTION
Bose-Einstein condensation (BEC) provides a concept of fundamental importance in
physics, and can be observed in a variety of phenomena, e.g., superfluidity of 4He, the
spontaneous symmetry breaking due to Higgs boson condensation. In recent decades the
development of optical techniques has enabled us to realize the BEC experimentally in a
more accessible way [1, 2], where magnetically-trapped atomic gases are cooled down to
form condensed states in the lowest energy level. Such systems are highly controllable in
the sense that many species of atoms can be trapped together, and their interactions are
tunable using Feshbach resonance. It is also possible to create the low-dimensional systems
effectively, and to make optical lattice potentials by the interference of laser beams creating
periodic potentials [1, 2].
In the present paper we focus on the boson-fermion mixture of single-component boson
and fermion gases, where the boson-boson (boson-fermion) interacting is weakly repulsive
(attractive). We assume that the gas of mixture is very dilute and cold, so that these
interactions are characterized by the s-wave scattering lengths in the boson-boson and boson-
fermion interactions, and no fermion-fermion interaction is assumed due to Pauli exclusion
principle. Relevant systems can be observed in the trapped cold atom experiments [3, 4],
and there are pioneering theoretical studies on ground state properties of the mixture in the
trap: phase separations and density profiles [5, 6], and collective excitations and induced
instabilities [7–9].
In this paper we study the many-body quantum theoretical aspects of the boson-fermion
mixtures, especially the BEC transition temperature and the mechanical collapse of the
boson sector under the influence of the fermion gas. The theoretical study on the BEC
transition temperature Tc has a history for the uniform system of interacting Bose gas
[1, 10]; the evaluation of the leading order shift of the Tc due to the weak repulsion has long
been a controversial subject. The state of the art calculations [10, 11] reveal that the leading
order effect is linear in the boson-boson scattering length abb,
∆Tc ≡ Tc − T0
T0
= cabbn
1/3
b , (1)
where T0 and abb are the free boson transition temperature and the boson-boson s-wave
scattering length, respectively, and the positive numerical factor c is of the order of unity.
The above result shows that the critical temperature rises up with small and positive abb
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in the leading order effect. Various non-perturbative approaches, which include renormal-
ization group methods and numerical simulations, are used to evaluate the shift of critical
temperature to the leading and sub-leading orders [12, 13].
In the trapped cold-gas experiments, the shifts of the transition temperature have been
observed from the thermodynamical limit of the harmonic oscillator potential [1]; they are
largely explained by the volume-expansion [14] and the finite particle-number [15] effects,
which do not exist in the uniform system but give larger effects in the trapped system.
The instability of the BEC of the attractive interaction had been studied in the uniform
system [16]. Research interest has been generated by the experimental success of the attrac-
tive BEC of Li atoms [17] and the Bose Nova controlled by the Feshbach resonance method
[18], where the quantum mechanical zero-point fluctuations support the BEC against the
mechanical collapse by the attractive interaction [2, 19, 20]. The many-body theoretical
calculations have been done for the uniform attractive BEC [16, 20–22].
Now we turn to the low temperature behavior of boson-fermion mixtures, where the
collapse of the trapped boson gas has been studied theoretically in the local-density and
mean-field approximations [5–7, 9, 23]. The experimental performance of the trapped boson-
fermion mixture was studied in the 40K-87Rb system [4], and theoretical studies on the
experiment has been done [24, 25].
In the uniform system of such boson-fermion mixture, one expects that the bosonic sector
undergoes the BEC transition with temperature being lowered, although there must be
a small shift of transition temperature from that of the free Bose gas due to the weak
interactions. In the presence of fermions, however, the boson-boson effective interaction
mediated by the fermion polarization becomes attractive regardless of the sign of the boson-
fermion interaction [26]. One also expects that there appears competition between the BEC
and the collapse in the gas of mixture due to the influence of environmental fermions.
For the trapped system theoretical studies on the BEC of the boson-fermion gaseous
mixture have already been done [27, 28], where the trap is assumed to be large enough so
that finite size effects are ignorable, and the local density approximation is used to find that
the shift of critical temperature comes mainly from density profiles in the trap. Thus, this
shift is not a pure many-body effect.
From the above experimental and theoretical background it is of our interest to obtain
a precise many-body picture of the gaseous boson-fermion mixture in the weak coupling
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regime. In this paper we figure out how the BEC transition temperature (1) is modified
by the boson-fermion interaction, and where the density collapse induced by fermions takes
place in the phase diagram of interaction strength and of thermodynamic variables.
II. MODEL HAMILTONIAN
Let us consider the boson-fermion mixture in the uniform system. In terms of fermion
(boson) annihilation operator ap (bp) with momentum p, the effective Hamiltonian is given
by,
H =
∫
p
(
ξpa
†
pap + εpb
†
pbp
)
+
∫
k
∫
p
∫
q
(
gbfa
†
p+qb
†
k−qbkap + gbbb
†
p+qb
†
k−qbkbp
)
, (2)
where the boson and fermion single-particle energies are εp =
p2
2mb
− µb and ξp = p22mf − µf
with the free boson and fermion masses mb and mf and the chemical potentials µb and µf ,
respectively. Note that the abbreviated notation is used for the momentum-space integration∫
p
≡ ∫ d3p
(2pi)3
in the present paper. The boson-boson and boson-fermion coupling constants
are gbb and gbf , respectively which are represented by the s-wave scattering lengths, abb and
abf . In the T-matrix approach, they become [2],
mij
2piaij
=
1
gij
+
∫
p
1
p2/(2mi) + p2/(2mj)
, (3)
where {i, j} = {b, f}, and mij = mimjmi+mj the reduced mass of particles i and j. At the weak
coupling regime, simply gbb =
4pi
mb
abb and gbf =
2pi
mbf
abf . The above formulation is valid only
for systems with a mean interparticle distance much larger than a typical size of particles
∼ r0, which sets the momentum cutoff in (3) to be ∼ 1/r0.
III. BEC TRANSITION TEMPERATURE
In general, the BEC transition temperature Tc of the uniform system is obtained by the
criterion [29],
Σ0 − µb = 0 (4)
where Σ0 represents the boson self-energy at vanishing energy-momentum. In terms of the
effective potential of the order parameter, 〈φˆ〉 obtained from the boson field operator φˆ(x),
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the criterion implies that the second order coefficient vanishes and the system undergoes a
continuous phase transition at the temperature. Note here that we have simply assumed
that the present system exhibits the transition of the same order as in the weakly coupled
Bose gas. As shown later, the effect of boson-fermion interaction mainly appears as the
small modification of effective boson-boson interaction.
Since we are interested in the transition temperature at fixed densities of bosons and
fermions, it is convenient to start with boson density nb at temperature T ,
nb(T ) = −T
∫
k
∑
n
G(ωn, k), (5)
where the thermal Green’s function G(ωn, k) for the interacting boson is given by
G−1(ωn, k) =
k2
2mb
+ Σ(ωn, k)− µb (6)
with the self-energy Σ(ωn, k), for the Matsubara frequency for bosons ωn = 2pinT and
momentum k. From the argument in [10], the Tc is converted from the critical density,
nb(Tc)− n0b(Tc) = −Tc
∫
k
∑
n
[
G(ωn, k)−G0(ωn, k)
]
, (7)
where n0b(T ) and G
0(ωn, k) are the density and the Green function for the free boson, re-
spectively. The free-boson density has the analytic expression at the critical point µb = 0:
n0b(T ) =
∫
k
(ek
2/2mbT − 1)−1 = ζ(3/2)/λ3T (8)
where ζ(3/2) = 2.612 and λT =
√
2pi/mT is the thermal wavelength. Using this relation,
we obtain n0b(Tc) = (Tc/T0)
3/2n0(T0) where T0 is the critical temperature of free bosons.
Under the assumption that the critical densities of interacting and non-interacting bosons
are equivalent: nb(Tc) = n
0
b(T0) = const., we obtain
nb(Tc)− n0b(Tc) ≃ −
3
2
∆Tc
T0
n0b(T0), (9)
where ∆Tc = Tc−T0 is the shift of the transition temperature. Combining this with (7), we
obtain
∆Tc
T0
=
2T0
3nb
∫
k
[
G(0, k)−G0(0, k)]
=
4mbT0
3nb
∫ ∞
0
dk
2pi2
2mb (Σk − Σ0)
k2 + 2mb (Σk − Σ0) , (10)
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FIG. 1: Leading diagrams contributing to the low momentum structure of the boson self-energy
at the critical point. Solid (dashed) line implies the boson (fermion) propagator.
where we have taken the term of zero Matsubara frequency (n = 0), and defined Σk ≡
Σ(0, k). The zero Matsubara-frequency term gives a infrared (IR) singular contribution at
the critical point, while the other terms give the higher-order contributions for the coupling
constant because the finite frequencies serve as the IR cutoff at zero momentum [10]. Thus
we need to evaluate the boson self-energy, Σk−Σ0, at the critical point in the boson-fermion
mixture.
A. Boson self-energy to leading order
Here we redefine the boson chemical potential as that measured from Hartree-Fock (mean-
field) contributions, which have no momentum dependence:
µb − ΣHF → µb. (11)
It gives no influences on the value of the critical temperature within the mean-field approx-
imation, since the critical point is still determined by µb − ΣHF = 0.
Considering the states very close to the critical point where µb = 0, we evaluate the
dominant contributions of boson self-energy as in [10].
1. Single boson bubble contribution
The leading contribution in the boson self-energy is obtained from the boson single-bubble
diagram (the first diagram in Fig. 1):
Σ(1) (ωl, k) = 2g
2
bbT
∑
n
∫
q
T
∑
m
∫
p
1
(iωm − εp) (iωm+n − εp+q)
1
iωn+l − εq+k
= 2g2bb
∫
q
∫
p
n(εq+k) (n(εp+q)− n(εp)) + n(εp+q) (1 + n(εp))
iωl + εp+q − εp − εq+k , (12)
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where n(x) = (ex/T −1)−1 is the Bose distribution function. The IR singular contribution at
the critical point reads, after the replacement n(x)→ T/x which is valid around the critical
point µb = 0,
Σ(1) (0, k) ≃ −2g2bb
∫
q
∫
p
T 2
εp+qεpεq+k
= −2g2bbT
∫
q
B(q)
1
εq+k
, (13)
where the boson bubble contribution B(q) is given by
B(q) =
∫
p
T
εp+qεp
. (14)
Because of the divergent behavior B(q) ∼ q−1 around q = 0, which is clear from the
dimensional counting, the self-energy Σ(1) (0, k) becomes logarithmically divergent at k = 0.
2. Contribution from fermion polarization
The lowest order contribution from the boson-fermion coupling comes from the fermion
polarization (the second diagram in Fig. 1),
Σ(2) (ωl, k) = g
2
bfT
∑
n
∫
q
T
∑
m
∫
p
−1
(iω¯m − ξp) (iω¯m+n − ξp+q)
1
iωn+l − εq+k
= g2bf
∫
q
∫
p
f(ξp+q)− f(ξp)
iωl + ξp+q − ξp − εq+k (n(ξp+q − ξp)− n(εq+k)) , (15)
where ω¯m = (2m+ 1)piT is the Matsubara frequency for fermions, and f(x) = (e
x/T + 1)−1
is the Fermi distribution function. Around the critical point the leading contribution comes
from the term of the zero Matsubara frequency, and the low momentum part; using n(x)→
T/x as in the boson bubble case, we obtain
Σ(2) (0, k) ≃ −g2bf
∫
q
∫
p
f(ξp+q)− f(ξp)
ξp+q − ξp
T
εq+k
= Tg2bf
∫
q
Π (q)
1
εq+k
. (16)
The contribution of the fermion polarization, Π (q) =
∫
p
f(ξp+q)−f(ξp)
ξp−ξp+q
∼ q0 for small q, to the
boson self-energy is IR regular, so that it plays a less important role than that from the
boson bubble at the critical point ∗.
∗ See appendix A for the detailed behavior of the polarization function.
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FIG. 2: Boson bubbles with an effective boson-boson interaction (solid circle) including fermion
polarization.
3. Boson bubble with insertion of fermion polarization
The above analysis shows that the single fermion polarization does not contribute to the
leading IR divergence near the critical point. Thus, the boson bubbles with the fermion-
polarization insertion have the same kind of the IR singularity as those without the insertion.
Such contributions, which is obtained in the summation in the Fig. 1 except for the second
diagram, are summarized as follows:
Σeff (0, k) ≃ −2T
∫
q
B(q)
[
g2bb − 2gbbg2fbΠ (q) +
{
g2bfΠ (q)
}2] 1
εq+k
= −2T
∫
q
B(q)
[
gbb − g2bfΠ (q)
]2 1
εq+k
, (17)
which has the same form with the single boson bubble with the effective boson-boson cou-
pling:
geff(q) ≡ gbb − g2bfΠ (q) . (18)
It is represented as the first diagram in Fig. 2.
B. Hardening of boson energy spectrum and ∆Tc
In the na¨ıve perturbation calculation, the boson self-energy is found to have the IR
singularity, which should be attributed to the onset of a critical region in low momentum
space; the Ginzburg criterion tells us that the perturbative treatments break down for the
interactions among long wavelength fluctuations [30]. In order to remedy such a singularity,
one needs to employ at least non-perturbative treatments even if the coupling constants are
perturbatively small. The self-consistent method is one of such non-perturbative treatments,
where a modification of low energy spectrum in the critical region is treated self-consistently
[10, 31, 32]. † In this paper we evaluate the low momentum structure of boson single-particle
† Another possibility is a resummation method, which will be used in the discussion later on.
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energy, and see that the spectrum for lower momenta becomes hard in the self-consistent
treatment.
The dominant contribution of the self-energy Σeff (0, k) ≡ Σeffk for the small momentum
k comes from the small momentum region in the loop integral:
2mb
(
Σeffk − Σeff0
)
= −4mbT
∫
q
B(q)
[
gbb − g2bfΠ (q)
]2 [ 1
εq+k
− 1
εq
]
≃ −4mbT
∫
q
[
gbb − g2bfΠ (0)
]2 B(q − k)− B(q)
εq
. (19)
In the region where the momentum is smaller than a critical scale kc, the boson single-
particle energy is assumed to be modified as ∼ k2−η, where the exponent η is an anomalous
dimension; the modification comes from the behavior of the order-parameter correlation-
function in momentum space. On the basis of the argument in [10, 32], we replace the
mean-field boson single-particle energy, εk = k
2/2mb − µb, appearing in Eqs. (14) and (19),
with a self-consistent energy:
εk =
k2
2mb
+ Σeffk − Σeff0 =
k
1/2
c k3/2
2mb
θ(kc − k) + k
2
2mb
θ(k − kc), (20)
and Σeff0 − µb = 0 at the critical point. Here the exponent 3/2 comes from a simple power
counting estimation for loop integrals: Assuming a low-momentum behavior of the single-
particle energy as εk ∼ kα in Eq. (19), one obtains the self-consistent equation k6−3α = kα,
which is satisfied with α = 3/2 [32].
Actually we can check the self-consistency of Eq. (20) in the region of k ≃ 0. Substituting
it explicitly into Eq. (19) and taking the leading order term, we obtain‡
Σeffk − Σeff0 ≃
[
gbb − g2bfΠ (0)
]2 16m3bT 2
15pi3
(
k
kc
)3/2
. (21)
In comparison of it with Eq. (20), the onset momentum scale kc is found to be
kc =
[
gbb − g2bfΠ (0)
]√32m4bT 2
15pi3
=
[
4piabb
mb
−
(
2piabf
mbf
)2
Π (0)
]√
2
15pi
4m2bT
pi
. (22)
Now we estimate the transition temperature Tc of the interacting mixture with the mod-
ified dispersion relation (20). Substituting it into the free-boson distribution function at the
‡ For the details, see appendix B.
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critical point:
nb(Tc) =
∫
p
1
eεp/Tc − 1 ≃ n
0
b(Tc)−
mbTc
3pi2
kc, (23)
we obtain the shift of Tc:
∆Tc
T0
≃ 2mbT0
9nbpi2
kc, (24)
where kc is given by Eq. (22) for T = T0.
As the other method to introduce the k3/2 behavior of the single-particle energy, we take
the ansatz for the self-energy shown in [10],
2mb
(
Σeffk − Σeff0
)
=
k
1/2
c k3/2
1 + (k/kc)
3/2
, (25)
which smoothly connects the low and high momentum regions. This ansatz leads to the
critical temperature shift as
∆Tc
T0
=
4mbT0
3nb
∫ ∞
0
dk
2pi2
2mb (Σk − Σ0)
k2 + 2mb (Σk − Σ0) ≃
2mbT0
3nbpi2
1.184kc. (26)
The difference between (24) and (26) is only on a numerical factor, which is of the order of
unity.
The hardening of the energy spectrum is understood as follows: at low temperatures
the low-energy bosons, which have large quantum fluctuations because of large wavelengths,
begin to overlap but repels each other by the repulsive interactions between them; it results
in the decrease of the density of states in the low-energy region. It makes the accommodation
of particles of the low-energy states easier at the high temperature, and explains the positive
shift of Tc.
Note here that the finite and trapped systems have the mechanism of the transition
temperature shift, which is different from the many-body effect as discussed in [14, 15].
IV. DENSITY CORRELATION FUNCTIONAND MECHANICAL INSTABILITY
We turn to the investigation of the mechanical instability toward the density collapse of
the system; the instability starts first in the long-wavelength density fluctuations. In order
to obtain the critical condition, we study the second order coefficients of the thermodynamic
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potential F in terms of the boson and fermion densities:
M ≡ 1
2

 ∂2F∂n2b ∂2F∂nb∂nf
∂2F
∂nf∂nb
∂2F
∂n2f

 = 1
2

 ∂µb∂nb ∂µb∂nf
∂µf
∂nb
∂µf
∂nf

 . (27)
Each component of the matrix M is inversely proportional to the density-density correlation
(response) function:
∂ni
∂µj
= 〈ninj〉, for i, j = b or f, (28)
which is related to the compressibility: κ−1 = −V ∂P
∂V
∣∣
T
=
∑
i,j ninj
∂µi
∂nj
. The stability
condition is equivalent to the positive definiteness of the eigenvalues: Mbb > 0 (or Mff > 0)
and DetM > 0. Thus, the instability occurs at either Mbb = 0 or DetM = 0, where the
compressibility diverges. In what follows we employ the random phase approximation (RPA)
to evaluate the density-density correlation functions.
1. Boson-boson and boson-fermion type correlations
We consider the Schwinger-Dyson-type equations for 〈nbnb〉 and 〈nbnf〉. For the interac-
tion kernel of the boson two-particle irreducible part, we should use
Γbb (ωl, k) = gbb − g2bfΠ (ωl, k) , (29)
where Π (ωl, k) is the fermion polarization function with finite energy-momentum
§. The bare
part for 〈nbnb〉 should be the single boson bubble, and that for 〈nbnf〉 be the single boson
bubble multiplied by the single fermion polarization with the coupling constant gbf . Then,
the RPA type solutions are given by
〈nbnb〉 = B(0, 0)
1 + Γbb(0, 0)B(0, 0)
(30)
and 〈nbnf 〉 = gbfΠ(0, 0)〈nbnb〉, (31)
where B(0, 0) = mb
2pi2
∫∞
0
dp n(εp) is the low energy-momentum limit of single boson bubble
function:
B (ωn, q) = T
∑
m
∫
p
1
(iωm − εp) (iωm+n − εp+q)
=
∫
p
n(εp+q)− n(εp)
iωn − εp+q + εp , (32)
§ For details, see appendix A
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and we have sent the external energy-momentum to zero, since 〈ninj〉 corresponds to the
correlation function in the long wavelength limit.
2. Fermion-fermion type correlation
For the fermion density-density correlation 〈nfnf 〉, the bare part is given simply by the
fermion polarization, and the interaction kernel for the fermion two-particle irreducible part,
Γff , includes the infinite sum of boson bubbles,
Γff (ωl, k) = −g2bf
B (ωl, k)
1 + gbbB (ωl, k)
. (33)
Then, the RPA type solution becomes
〈nfnf 〉 = Π(0, 0)
1 + Γff(0, 0)Π(0, 0)
=
Π(0, 0) (1 + gbbB(0, 0))
1 +
[
gbb − g2bfΠ(0, 0)
]
B(0, 0)
. (34)
In Eqs. (30)-(31) and (34), the density-density correlation functions have a common
denominator, so that the mechanical instability for long-range density fluctuation occurs at
1 + geff(0)B(0, 0) = 0, (35)
where geff(0) is the effective static potential between bosons given in Eq. (18).
V. RESULT AND DISCUSSION
In Fig. 3, we show the onset temperature of the mechanical instability (dashed line) as a
function of the boson-fermion scattering length abf normalized with a fixed boson density nb
in the weak coupling region, for the fermion-boson density ratios nf/nb = 2 (left), 1 (center),
and 0.5 (right); the onset temperature is obtained from the numerical solutions of Eq. (35)
¶. We also plot the BEC transition temperature Tc (solid line) obtained from Eq. (26). The
dotted line is the temperature where the low energy effective coupling constant (18) vanishes,
geff(0) = gbb − g2bfΠ(0, 0) = 0; the geff becomes positive(negative) above(below) the line.
These three lines meet at T = T0: the BEC transition temperature of the corresponding
free Bose gas. We find that the diagrams in Fig. 3 for the different density ratios have
¶ For the details, see appendix C
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FIG. 3: (Color online) The phase diagrams of the boson-fermion mixture at a fixed boson density
nb: the normalized BEC transition temperature (solid line), the instability boundary to density
collapse (dashed line), and zeros of the effective boson-boson interaction (dotted line), for the
inverse of dimensionless boson-fermion scattering length. Here T0 is the free boson BEC transition
temperature, 1/abbn
1/3
b = 10 (top row), 100 (bottom row), and mf/mb = 1. From left to right
nf/nb = 2, 1, 0.5.
no qualitative changes in the phase structure; this is because, though the increase of nf/nb
enhances the fermion polarization, the large part of its effect is to shift the intersection point
on the line T = T0, e.g., to 1/abfn
1/3
b = −5.37,−4.51,−3.62 for nf/nb = 2, 1, 0.5, respectively
for 1/abbn
1/3
b = 10. We show results only for the values of boson-boson scattering length
1/abbn
1/3
b = 10, 100, since different values of it do not bring qualitative changes in the result.
The intersection point of 1/abfn
1/3
b is only inversely proportional to
√
abbn
1/3
b , and the Tc
is suppressed by a factor abbn
1/3
b for its small values. The calculations are for the mixture
of the mass ratio mf/mb = 1; as shown in Appendix C, the dependence of the mass ratio
should be absorbed into the boson-fermion scattering length and the fermion density.
The BEC transition temperature obtained from Eq. (26) is not extended into the region of
negative values of the effective coupling constant geff(0) < 0, but a simple application of Eq.
(26) gives the BEC transition temperature below the onset temperature of the mechanical
instability. We can understand it as follows. As already mentioned on the BEC transition
earlier, the IR singularity to the leading order of coupling constants comes from the single
boson bubble contribution at the critical point, i.e., B(q) =
∫
p
T
εp+qεp
∼ 1/q in Eq. (13).
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The infinite resummation of the boson bubbles serves as an alternative to the self-consistent
treatment to remedy the singularity [10]. Actually the boson-bubble resummation with a
positive effective coupling constant geff(0) > 0, as in Fig. 2, gives a screening effect for the
single boson-bubble contribution,
B(q)→ B(q)
1 + geff(q)B(q)
, (36)
which is the IR-singularity-free at q = 0 for the critical point of µb = 0. However, in the
region of geff(0) < 0, it works as the anti-screening effect, and a singular behavior occurs
at q = 0 on a certain temperature above the BEC transition where µb 6= 0. This singular
behavior is nothing but the onset of the mechanical instability in the RPA treatment.
The temperature of the mechanical instability sets in at the intersection point T = T0,
∗∗
and rises up with the increasing abf , because the larger thermal pressure is necessary for the
Bose gas to overcome the mechanical instability coming from the strong attraction. In the
temperature region below T0, on the other hand, the instability points should be on the top
of the curve of vanishing effective potential, since the condensate of bosons gives a divergent
contribution in the density-density correlation at the vanishing external energy-momentum
as shown in [21, 33]. The different situation exists in the case of the trapped pure Bose gases
of size L with the attractive boson-boson interaction gbb < 0; in this case, the zero-point
quantum fluctuation energy of the order of L−2 exists and it may overcome the mechanical
instability when the boson local density is small enough, i.e., |gbb|nb < pi2/mbL2 [21].
In the trapped systems of the boson-fermion mixture, the symptom of the mechanical
instability can be found in the collective excitation, where the energy of the breathing mode
becomes soft when the boson-fermion attractive interaction approaches the critical value [8].
Note here that the Evans-Rashid transition [34], that is, the BCS-type boson-boson pair-
ing transition, has been discussed as a possibility for the instability in the uniform and
trapped systems for the boson gas of the attractive interaction [16, 21]; the order parameter
of the transition is 〈φˆφˆ〉. In the Evans-Rashid transition, it is concluded that the conden-
sation of the boson pairs takes place in a metastable region under the spinodal line. In the
phase diagrams in Fig. 3, the corresponding Evans-Rashid transition by the effective attrac-
tion should appear in the small window between the mechanical instability temperature and
∗∗ The compressibility of the free boson gas, which corresponds to the single boson bubble, becomes divergent
at the BEC transition temperature T0.
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T = T0.
We note also that a boson-fermion mixture similar to ours but with up-down fermions was
studied for simulating dense QCD matter of strong coupling [35], where the same qualitative
result for the Tc of BEC was mentioned and a schematic phase diagram is presented for
BSC-type fermion pairings as well as the BEC and the density collapse obtained from a
semi-classical approximation. A quantum Monte Carlo simulation in three dimensions for
a weakly coupled mixture with up-down fermions was also performed in [36] to find that
for fixed chemical potentials the BEC (superfluid bosons) is enhanced through the effective
chemical potentials with increasing boson-fermion coupling. Our present result gives a more
precise many-body description and reason for the phase structure for the weak coupling
regime in the absence of the fermion pairings and at given densities of bosons and fermions.
VI. SUMMARY AND OUTLOOK
We have investigated the BEC transition and the mechanical instability in the weakly
coupled boson-fermion mixture of single-component boson and fermion gases with the repul-
sive boson-boson and the attractive boson-fermion interactions; no interaction is assumed
among fermions. We have evaluated the BEC transition temperature (26) using the self-
consistent method by [10], and the instability temperature calculated in the random phase
approximation (35); the results are summarized in the phase diagrams in Fig. 3.
As a characteristic feature in the leading order result the BEC transition and the instabil-
ity meet at T = T0 the free boson transition point, where the effective boson-boson coupling
geff(0) in Eq. (18) vanishes. At temperatures below T0, the regions of BEC and mechanical
instability separates by the boundary obtained as the vanishing effective boson-boson cou-
pling constant. The region of the density collapse is beyond the description of our effective
model (2) for the dilute gas.
The results obtained here are valid only in the weak coupling region of the boson-boson
and boson-fermion interactions. In the strong coupling region, including the unitarity limit
of boson-fermion scattering, some studies exist on the BEC transition and the instability,
mainly incorporating the boson-fermion pairing effects: for example, the stability condition
[37], the boson-fermion paring and phase diagram [35, 38], and the suppression of BEC due
to the pairing effects [39]. In such systems many-body correlations other than the boson-
15
fermion pairing are also important to determine the phase structure, and, the inclusion of
these effects is beyond the description of present approximations and should be an interesting
study in future.
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Appendix A: Fermion polarization function
The fermion polarization function is given by
Π (ω¯n, q) = T
∑
m
∫
p
−1
(iω¯m − ξp) (iω¯m+n − ξp+q)
=
∫
p
f(ξp+q)− f(ξp)
iω¯n − ξp+q + ξp . (A1)
At ω¯n = 0, it becomes
Π (0, q) =
2mf
q
∫ Λ
0
dpp
(2pi)2
f(ξp) ln
∣∣∣∣ 2p+ q−2p+ q
∣∣∣∣
=
mf
2pi2
∫ ∞
0
dpF ′p
1
q
ln
|2p+ q|
|2p− q| = −
mf
2pi2
∫ ∞
−∞
dp
Fp−q/2
q
1
p
=
mf
2pi2
∫ ∞
−∞
dp
f(ξp)
2
[
1− [1− f(ξp)]
{
1 +
p2
3mfT
(2f(ξp)− 1)
}
q2
8mfT
+O (q4) ], (A2)
where Fp = mf
[
p2
2mf
− µf + T ln f(ξp)
]
.
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Appendix B: Boson bubble and self-consistent single-particle energy
The low momentum structure of the boson-bubble function at the critical point using the
modified dispersion (20) becomes
B(q) =
∫
p
T
εp+qεp
= T
2pi(2mb)
2
kc(2pi)3
∫ kc
0
dpp2
∫ 1
−1
dx
1
(p2 + 2qpx+ q2)3/4p3/2
= T
2m2b
kcpi2
∫ kc
0
dp p1/2
√
p+ q −√|p− q|
pq
= T
2m2b
kcpi2
(
1− pi
2
+ 2 ln 2 + ln
kc
q
)
+O (q2) . (B1)
Substituting the above result into the boson self-energy, we obtain
Σk − Σ0 = −2g2eff (0)T
∫
q
B(q)
[
1
εk+q
− 1
εq
]
= g2eff(0)
16m3bT
2
15pi3
(
k
kc
)3/2
+O (k2) . (B2)
This shows the self-consistency of the low-momentum structure of the dispersion relation:
εk =
k2
2mb
+Σk − µb = p22mb +Σk −Σ0 ∼ k3/2 for k ∼ 0, where we used the integral formula:∫
q
ln
(
q
kc
){
1
|q − k|3/2 −
1
q3/2
}
=
∫
q
q−3/2 ln
|q + k|
|q|
=
∫ kc
0
dq q1/2
∫ 1
−1
dx
2pi
2(2pi)3
ln
q2 + 2kqx+ k2
q2
=
1
2(2pi)2
∫ kc
0
dq q1/2
{
−2− (q − k)
2
2kq
ln
(q − k)2
q2
+
(q + k)2
2kq
ln
(q + k)2
q2
}
=
2
15pi
k3/2 +O (k2) . (B3)
Note that the above calculation is a rederivation of the result in [10] except that the
boson-boson coupling constant is the effective one, geff(0), in the present case.
Appendix C: Normalized form of equations
In order to draw the phase diagram for the temperature T and boson-fermion scattering
length abf at fixed boson density nb and boson-boson scattering length abb, we represent
the BEC transition temperature Tc and the equation for the mechanical instability with
the dimensionless quantities: the fermion-boson density ratio nf/nb, η
−1
bb ≡ abbn1/3b , η−1bf ≡
abfn
1/3
b , and the temperature T/T0, where T0 =
2pi
mb
{
nb
ζ(3/2)
}2/3
.
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The BEC transition temperature (26) scaled with T0 is represented as
∆Tc
T0
=
128c
3
√
pi
{
ζ(3
2
)
} 4
3
√
2
15
g˜eff |T=T0 , (C1)
with a numerical constant c = 1.18, and the scaled effective coupling constant g˜eff :
g˜eff = η
−1
bb

1− ηbb
η2bf
1
√
pi
{
ζ(3
2
)
} 1
3
(
mf
mb
)3/2(
1 +
mb
mf
)2
Π˜0

 (C2)
Π˜0 =
∫ ∞
0
dx
(
e
x2−µf /T0
T/T0 + 1
)−1
. (C3)
The deterministic equation (35) of the mechanical instability in RPA becomes
0 = 1 +
4
√
pi
{
ζ(3
2
)
} 1
3
g˜eff B˜0, (C4)
B˜0 =
∫ ∞
0
dx
(
e
x2−µb/T0
T/T0 − 1
)−1
. (C5)
The above equations are solved with the equations that relate the chemical potentials µb,f
to the fermion-boson density ratio nf/nb,
1 =
4√
piζ
(
3
2
) ∫ ∞
0
dxx2
(
e
x2−µb/T0
T/T0 − 1
)−1
, (C6)
nf
nb
=
(
mf
mb
)3/2
4√
piζ
(
3
2
) ∫ ∞
0
dxx2
(
e
x2−µf /T0
T/T0 + 1
)−1
. (C7)
20
